TORSIONAL RADIATION DAMPING OF ARBITRARILY
SHAPED EMBEDDED FOUNDATIONS

By Shahid Ahmad' and George Gazetas,> Members, ASCE

ABSTRACT: Radiation damping of torsionally oscillating, arbitrarily shaped rigid
foundations ecmbedded in lincar hysteretic homogencous soil is studied paramet-
rically with a rigorous boundary clement formulation. A simplificd analytical model.
based on sound physical approximations and calibrated against the numerical re-
sults, is also developed. The basemat shapes studied include rectangles of aspect
ratios up to 6, circles. triangles. and T-shapes. Particular emphasis is placed on the
ctfects of the depth of embedment and the extent of contact between sidewalls and
surrounding soil. It is shown that even foundations placed in an open trench, without
sidewall-soil contact. radiate energy more cffectively than surface foundations with
an identical bascmat. Additional radiation damping is generated from vertical side-
walls. cven if they are in good contact with the soil only over a small height compared
with the embedment depth: hence, separation or slippage between sidewalls and
soil near the ground surface would not substantially affect the amount of torsional
damping. Physical arguments arc put forward to explain these findings and develop
insight to the problem. The paper concludes with an illustrative numerical example.

INTRODUCTION

This is the second of two papers studying the dynamic response 0.(f) =
0. exp(iwt) of arbitrarily shaped rigid foundations embedded at depth D in
an elastic half-space and subjected to a harmonic torsional excitation M_(r)
= M, exp(iwt) (Fig. 1). The first paper (Ahmad and Gazetas 1992) studies
the static stiffness K, and the dynamic stiffness coefficient k,(w) of such
foundations, and proposes simple algebraic formulas for estimating these
quantities. This paper presents information for computing the radiation
dashpot coefficient C,(w), which represents the geometric spreading of elas-
tic energy by waves propagating away from the foundation. The foregoing
stiffness and damping terms combine as follows to give the dynamic imped-
ance (i.e., the dynamic moment-rotation ratio) of the foundation:

Ky = % = Kk(0) + ioC(0) ..o 1)

The numerical results in this paper, obtained with a rigorous boundary
element (BE) algorithm outlined in the first paper (Ahmad and Gazetas
1992), are presented in the form of dimensionless graphs for the dashpot
coefficients, covering a wide range of basemat shapes, embedment depths,
and frequencies of excitation. The height of contact, d, between foundation
sidewalls and surrounding soil is varied parametrically between the two
extremes of d = 0 (no sidewall-soil contact) and d = D (complete sidewall-
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FIG. 1. Problem Geometry and Loading

soil contact over the full depth of embedment). Based on the numerical
data, a simple but realistic method involving algebraic formulas is developed
for estimating the torsional radiation damping of arbitrarily shaped rigid
foundations embedded in a reasonably uniform and deep soil deposit, which
can be modeled as a homogeneous, elastic half-space.

In reality, in addition to loss due to radiation, energy is dissipated by
hysteretic action in the soil, conveniently expressed through a frequency-
independent material damping ratio, 8. The combined radiation-hysteretic
damping coefficient, C,(w, B). can be approximated as

Cow, B) = C(w) + %B K (®) + oo @)

This approximation is very good for the homogeneous half-space studied
herein and quite reasonable for most realistic soil deposits (except, perhaps,
at frequencies around the fundamental frequency, w, = wV,/2H, of very
shallow soil deposits).

RADIATION DAMPING OF SURFACE FOUNDATION

The radiation damping coefficient C,(w) is a measure of the amount of
vibration energy transmitted into the supporting soil and carried away by
outward and downward propagating waves. A surface foundation subjected
to torsion transmits exclusively shear waves into the supporting ground.
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These waves originate at every point of the soil-basemat interface and prop-
agate with velocity V, = VG/p. The damping coefficient C, increases with
increasing area of contact. At frequencies approaching zero (wavelengths
tending to infinity), C, is vanishingly small (Fig. 2), due to the destructive
interference of the very long waves associated with antisymmetric (torsional)
vibration (Gazetas 1983). On the other extreme, at high frequencies (small
wavelengths), all the points of the interface act as independent sources,
radiating one-dimensional waves that propagate perpendicular to the soil-
basemat contact surface with velocity V,; therefore, the contribution to
radiation damping, dC,, of the shear waves emanating from an elemental
area dA, at the soil-basemat interface can be expressed as

dC, = pV,dA,r; for w — «

where r, = the distance of the element from the axis of rotation.

The asymptotic value of the damping coefficient can then be obtained by
integration over the whole soil-basemat contact area A, of the torsional
moments produced by all these elemental forces, dC,,, around the axis of
rotation

Cp=pV, forom—0 (3b)

where I, = second moment of area of the basemat about the axis of rota-
tion z.

At intermediate frequencies, away from the foregoing two extremes, the

radiation damping coefficient of a surface foundation could be generally
expressed as

Crowt = Co = Ep(OVily) oo e (4)

where the dimensionless dashpot coefficient ¢, is found to be a function of
excitation frequency and basemat shape. Using the numerical (BE) data,
the following simple algebraic expression is developed for ¢,:

¢, = 1 — exp(—0.3al7 wo°)

where

2.0 T T T T T T T T T T

F Found. Shape | B.E. Analysi Formula(5, . 1
& P L g Surface Foundation |
ircular o
Triangular O

+ T—Shaped + = =

i 1.5 F Square o ——— =}

L/B=2 ° R
L/B=4 x| =
L/B=6 v - —

Dashpot Coefficient ¢y,

Dimensionless Frequency ag

FIG. 2. Dashpot Coefficient, ¢,, of Surface Foundations
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a, = JE T e s Am R SRIHY TGS AR Easn s s (5b)
and
1, . .
v o= B for circular foundations ......... ... ... . . . ... (5¢)
{ .
v = EB’; for any other foundation shape ............... ... . .. .. (5d)

where 2B and 2L = the width and length of the circumscribed rectangle
(see Fig. 1); I, = the second moment of area of the actual basemat surface;
and /5, = the second moment of area of the circumscribed rectangle, about
the axis of rotation z

4
loe = 3BL(B* + L) ... (Se)

In Fig. 2, radiation dashpot coefficients for circular, square, triangular,
T-shaped, and rectangular foundations computed with the proposed formula
[(5)] compare very satisfactorily against our numerical BE data. Notice that
radiation damping is fairly sensitive to variations in both basemat shape and
frequency. The dimensionless coefficient ¢, increases with increasing foun-
dation aspect ratio L/B, as well as with increasing frequency; it asymptot-
ically approaches unity as anticipated from (3b).

Finally, torsional radiation damping coefficients C, of surface foundation
predicted with developed formula are compared in Table 1 with both pub-
lished results from the literature and our BE analysis. Please also note that
results do not exist in the published literature for triangular, T-shaped, and
rectangular foundations with L/B > 4; all numerical data in Table 1 and in
Fig. 2 for these shapes are thus new.

FOUNDATION IN OPEN TRENCH

The effect on torsional radiation damping of placing a foundation without
sidewalls at the bottom of a trench (Fig. 3) is studied for several basemat
shapes using our BE formulation. The results for a square foundation,
displayed in Fig. 4, show the variation of the trench factor, Fien = Ciired
C, surt> as a function of frequency, for several depth ratios D/B and basemat
shapes. This effect is significant only when the shear wavelength \, = V//f
(where f is the frequency in Hz) is large compared with the dimensions of
the basemat. The value of frequency parameter a,, at which the trench
effect becomes practically negligible, depends on L/B and D/B ratios. This
cutoff frequency becomes smaller with increasing values of L/B and D/B
ratios.

The increase in torsional damping of a foundation basemat due to its
placement at the bottom of a trench may be explained by considering the
theory of wave interference. It is well established that because of destructive
interference of waves (due to the phase differences between waves emitted
from various points of the basemat-soil contact area) only a portion of the
half-space in the form of a semi-infinite truncated cone is effective in trans-
mitting the energy imparted to a basemat on an elastic half-space (Veletsos
and Nair 1974; Dobry and Gazetas 1986). As a consequence, when the
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TABLE 1. Damping Coefficient C,: Comparison of Results for Surface Founda-
tions

Cfa,)/GB?
This Paper
Approximate
a, = |formula [Egs. Wong and Wolf Day
Basemat shape wB/V, | (4) and (5)] | BE analysis | Luco (1978) (1988) (1988)
(1) (2 (3) (4) (5) (6) ™)
Circular 0.3 0.08 0.07 — — 0.07
Circular 0.6 0.24 0.24 — — 0.23
Circular 0.9 0.44 0.44 — — 0.37
Circular 1.2 0.65 0.64 = — .55
Circular 1.5 0.85 0.82 — — 0.78
Square 0.3 0.18 0.17 0.15 0.16 —
Square 0.6 0.54 0.57 0.60 0.52 —
Square 0.9 0.97 1.02 1.00 1.00 —
Square 1.2 1.39 1.41 1,35 1.39 —
Square 1.5 1.76 1.74 1.61 1.73 —
Rectangular, L/B =2 0.3 2.23 2.11 2.20 2.35 —
Rectangular. L/B=2 0.6 5.98 5.85 5.80 6.17 s
Rectangular, L/B =2 0.9 9.26 8.82 8.60 8.65 =
Rectangular, L/B =2 1.2 11.40 10.86 10.30 10.60 —
Rectangular, L/B =2 1.5 12.54 12.40 11.45 11.48 —
Rectangular, L/B =4 0.3 39.85 40.67 38.60 43.34 —
Rectangular, L/B =4 0.6 76.85 80.69 74.30 73.00 —
Rectangular, L/B =4 0.9 88.53 90.23 88.60 86.80 —
Rectangular, L/B =4 1.2 90.50 92.32 86.80 88.20 —
Rectangular, L/B =4 1.5 90.65 91.86 84.60 89.57 —
Rectangular, L/B =6 0.3 204.2 216.0 — — —
Rectangular, L/B =6 0.6 290.1 281.2 — — —
Rectangular, L/B =6 0.9 296.0 290.1 — — -
T-shaped 0.3 0.095 0.092 — — —
T-shaped 0.6 0.29 0.29 — — —
T-shaped = 0.9 0.51 0.53 — — —
T-shaped 1.2 0.74 0.75 — — —
T-shaped 1.5 0.93 0.95 — — —
Triangular 0.5 0.094 0.097 — — —
Triangular 1.0 0.25 0.27 — — —

Note: G = shear modulus of soil.

wavelength is very small compared with the dimensions of the basemat,
waves radiated from the basemat propagate only in the vertical direction
perpendicular to the plane of the basemat. Thus, when the wavelength is
small compared with the dimensions of footing basemat (or a, is high) the
presence of trench has no influence on the torsional radiation damping of
the basemat. On the other hand, significant spreading of waves occurs when
the wavelength is large compared with the dimensions of the basemat, and
therefore the trench effect is significant.

To develop further understanding of how the trench effect arises, we
consider the torsional shear stresses 7, induced in the soil during torsional
vibration of a square foundation placed at the bottom of relatively deep
trench, with D = 2B, at a dimensionless frequency a, = 1.5. The imaginary
(i.c.. the out-of-phase with the excitation) part of 7., which relates to
radiation damping, has been computed with the BE formulation; Fig. 5
portrays its variation with distance x (measured from the center of the
foundation). for three different depths: z = 2B (i.e., along a line passing
through the base), z = B (at the middle of the trench), and z = 2.5B (0.5B
below the base). Evidently, these components of shear stresses do not vanish
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cn, surf = EbPVsIb

FIG. 3. Schematic lllustration of Effects of Embedment on Torsional Radiation
Damping: (a) Surface Foundation; (b) Foundation in Open Trench; (c) Embedded
Foundation with Full Sidewall-Soil Contact Over Height d

L/B=1,d/D =0 (Foundation in a Trench )
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FIG. 4. Trench Factor F,., versus a, for Square Foundation Placed in Open Trench

above the basemat level, but they attain values comparable to those induced
at and below the basemat level. This suggests that during torsional oscillation
of a foundation placed in an open trench, in addition to radiation from the
basemat, spreading of energy also takes place, with waves propagating in
the soil above the basemat level.

Based on the complete set of results of the numerical investigation of the
trench effect, the following simple expression has been developed, by trial
and error, for estimating the damping of an arbitrarily shaped rigid foun-
dation at the bottom of an open trench:

Crivon = FuuonCosrt  + oo oeeeeae e ettt (6a)
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Fig. 6 compares the F,., values for various basemat shapes obtained using
the foregoing formula with values of the BE analysis, for an embedment
ratio D/B = 2. Notice that the trench effect decreases with increasing
frequency and aspect ratio (L/B) of the basemat.

where

Flrcn = l +
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EmMBEDDED FOUNDATION— RADIATION FROM SIDEWALL AND BASE

In the case of embedded foundations, in addition to shear waves origi-
nating at the basemat, shear and compression-extension waves are emitted
from the vertical sidewall surfaces. A key simplification introduced in the
proposed model is that the amount of damping contributed by the motion
of each surface is independent of the presence and motion of the other
surfaces of the foundation—an assumption for which indirect supporting
evidence can be found in Chen et al. (1984). A similar assumption had been
successfully employed for the other modes of vibration by Gazetas et al.
(1985), Gazetas and Tassoulas (1987), and Fotopoulou et al. (1989).

Rectangular Foundation
The sidewalls of an embedded rectangular foundation in torsional oscil-
lation perform two motions.

1. A rotation 6(¢) around the vertical axis passing through the centroid of
each particular sidewall-soil contact surface, equal to the angle of rotation of
the (rigid) foundation. Owing to this motion, the wall emits compression-ex-
tension waves that are assumed to propagate with an apparent velocity V., =
V,u=3.4V/[m(1l — v)], known as Lysmer’s analog velocity (Gazetas and Dobry
1984; Gazetas and Tassoulas 1987). It is further assumed that the fact that the
sidewalls are vertical rather than horizontal does not influence the high-fre-
quency asymptotic value of radiation damping of the sidewalls, which is thus
equal to the radiation dashpot of an identical rocking surface foundation, pV, [,
(Fotopoulou et al. 1989). Therefore, the contribution to radiation damping by
a particular sidewall surface due to its rotation can be expressed as

Cot = CipViadoe oo 7N
where the dimensionless coefficient ¢, = a function of a,, d/D, D/B, and foun-
dation shape; and /,,, = the second moment of area of the particular sidewall-
soil contact surface about the vertical axis passing through its centroid.

2. A horizontal shearing displacement with amplitude equal to the product
0(r)- A, in which A = the distance of the centroid of the particular sidewall
surface from the foundation axis of rotation, z. In the case of a rectangular
foundation, A = B and A = L for the long and short sidewall surfaces, re-
spectively. As a result of this shearing motion, the sidewall emits torsional shear
waves propagating with velocity V. Using arguments similar to those advanced
in the preceding paragraph for the rotational mode, the dashpot force on a
particular sidewall surface can be expressed as

Fy= a(pViALBDA - - oo (8)

where ¢, = a function of a,, d/D, D/B, and foundation shape; and A,,, = the
area of the particular sidewall-soil contact surface. In the case of a rectangular
foundation, A,,, = 2Bd for each short surface, and A,,, = 2Ld for each long
surface.

This dashpot force, F,, is assumed to act at the centroid of the particular
sidewall-soil contact area. By considering the moment about the rotation
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axis z of the foundation, the contribution to radiation damping due to
horizontal shearing along the sidewall-soil interface becomes

Con = GpViA DY 9)

Finally. the total radiation damping of a rectangular embedded foundation
can be obtained by summing up the contributions of all contact surfaces

Cromp = FranCrvirt T Crmall oo e e e e e (10)
where

Cl.wu]l = Z(C‘.lpvl,u[.\w + (‘ZPV.»A\WAZ)

C,war = dpd [% V,l(L* + B%) + V,BL(B + L)] G (11)

where the numerical BE data for all foundation types suggest: é, = ¢, =
¢, The approximate formula for the sidewall dashpot coefficient, ¢, is
given later in (13).

Nonrectangular Foundations

For nonrectangular embedded foundations, the contribution of each (ver-
tical) sidewall can be computed with the help of the circumscribed rectan-
gular prism of dimensions 2B by 2L by d. A very simple relationship was
found to approximately hold between the damping generated from the walls
of this (fictitious) circumscribed rectangular prism and the damping pro-
duced by the sidewall surfaces of the actual foundation: Their ratio is roughly
equal to the ratio of the polar moment of area of the circumscribed rectan-
gular base to that of the actual basemat. A similar relationship had also
been found to hold true for radiation damping in rocking (Fotopoulou et
al. 1989). Thus. the total radiation damping of an arbitrarily shaped embed-
ded foundation can be estimated by the following simple algebraic expres-
sion:

(/I.cmh = Flrcnéth\]h

+ ¢,(4pd) (/—’) {VT’ (L + B%) + V,BL(B + L)] ............ (12)

where /,;, = the polar moment of area of the circumscribed rectangle given
in (5e); and /, = the (true) polar moment of area of the actual basemat.
The following simple expression for ¢,. has been fitted by trial and error to
the numerical BE data for various basemat shapes and embedment depths:

D 0.1 d —0.35 a1
C“ = <E> <B> 4B4F .......................... (13)
(%)

as
1,

A comparison between the predictions with the developed simple model
for ¢, (13) and the numerical BE results is depicted in Figs. 7, 8, and 9, for
rectangular embedded foundations with L/B = 1, 2, and 4, respectively.
Evidently, the performance of the simple model is very good for all cases
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FIG. 7. Sidewall Dashpot Coefficient, ¢,, of Square Foundations
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FIG. 8. Sidewall Dashpot Coefficient, ¢, of Rectangular Foundations with L/B
=2

presented in these figures. Moreover, this was also found to hold true for
all the other cases studied (not shown herein).

The following important trend is worthy of note in these figures: The
sidewall dashpot coefficient ¢,. of an embedded foundation enjoying only
partial sidewall-soil contact (d/D < 1.0) is always higher than that of a
corresponding foundation having full sidewall-soil contact (d/D = 1)! This
implies a greater efficiency in radiating wave energy from the deepest part
of a sidewall. Thus, although the overall radiation damping, C, ..., of a
partially embedded foundation is always less than that of a corresponding
fully embedded foundation [notice the factor d in (12)], the contribution of
the sidewalls is not proportional to d; eliminating the upper part of a side-
wall-soil contact (i.e., reducing d/D) would have a perhaps insignificant
effect on damping. Hence, the engineer need not worry a great deal about
separation or slippage that may occur near the ground surface [a similar
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TABLE 2. Damping Coefficient C,: Comparison of Results for Fully Embedded
Cylindrical Foundations

Ci(a,)/GB?
This Paper
Approximate
Embedment formula [Egs. Kausel and
ratio D/B a, = wB/V, | (12) and (13)] | BE analysis Wolf (1988) |Ushijima (1976)

(1) (2) (3) (4) (5) (6)

0.5 0.3 0.53 0.51 0.48 0.43
0.5 0.6 1.53 1.42 1.39 1.62
0.5 0.9 2.45 2.33 2.19 2.24
0.5 1.2 3.12 2.97 2.86 2.74
0.5 1.5 3.58 3.39 3.28 3.19
1.0 0.3 0.98 0.97 0.94 1.0

1.0 0.6 2.80 2.86 2.63 3.14
1.0 0.9 4.38 4.40 4.36 4.44
1.0 1:2 5.46 5.53 5.72 5.25
1.0 1.5 6.16 6.05 6.34 5.93
2.0 0.3 1.94 2.12 2.01 2:23
2.0 0.6 5.50 5.86 5.68 6.03
2.0 0.9 8.52 8.64 8.45 9.13
2.0 1.2 10.57 10.29 10.24 10.55
2.0 1.5 11.92 11.39 11.65 11.32

Note: G = shear modulus of soil.

conclusion had been drawn by Fotopoulou et al. (1989) for damping of
foundations rocking about their short axes].

Finally, torsional radiation damping of fully embedded cylindrical foun-
dations predicted using the proposed formula [(12) and (13)] are compared,
in Table 2, with published solutions of several researchers and our BE
results. Again, the performance of the proposed model is very good.

ILLUSTRATIVE EXAMPLE

The simple algebraic formulas proposed in this paper are used to obtain
an estimate of the torsional radiation damping coefficient of the hypothetical
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embedded foundation sketched in Fig. 10. The chosen basemat is deliber-
ately complicated to illustrate the capability of the method. The basemat is
a truncated rectangle, placed 8 m below the ground surface. A 6-m sidewall,
in perfect contact with the surrounding soil, is built around the periphery.
The aspect ratio of the circumscribed rectangle is L/B = 3. Of interest is
the value of C, for an excitation frequency o = 10 rad’s.

The geometry and material parameters are given in Fig. 10, from which

wB 10 X 7.5 _
v, 1%
3.4V, 3.4 x 194

Vie = g p— = (0 = 0.35) = IS a5 smemsns smeme amamen (15)

Iy, 126562.5 _
B = aEp =W cemmeees s s e e (16)

The radiation damping coefficient C, is computed with the help of (12)

a, =

I 4
C, = FuealopVily + €, (4pd) (,—) [T (L* + B + V.BL(B + L)}
BL

Circumscribed

AY q——/Reclangle

Deep deposit of medium-stiff cla

Section along x-axis

Soil parameters Foundation geometric parameters

G = 68 MPa 1=22.5m,B=7.5m,L/B=3

p = 1.8 Mg/m3 pD/B=1.07,d/D=0.75,d/L=0.133

v =0.35 Bp=617.5m2, I,=104308m*

Vg = 194 m/s Ip,=126562.5m% A=0.3644
1,/Ip=1.236,Ip/B%=32.97

FIG. 10. lllustrative Example: Geometry and Material Parameters
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0.6
é =1 —exp [—o.3a},-7 <;Lj> }

=1 — exp[—0.3 x (0.39)'7 X 4096 = 0.42 ............. ... .. (17b)

Q.2 3
D D L
= —0.75 | = —_ 2
<B> Cxp |: () ! <B> <B> a“:|
tren T 1 + 1.4
0.9 + 0.1 L

L (1L07)"2 exp[~0.75 x 107 x 3% x (0.39)°] _

- (0.9 + 0.1 x 3] S 17¢)
and
p\"' (a\ """ al
=3 5) —r
az + (I_h>
= (1.07)°1(0.75) 0% .39~ =057 (17d)

0.5
! |

Therefore
C, = 1.63 x 0.42 x 1.8 x 194.0 x (104308.0)

/

104308.0
057 X 4.0 X 1.8 X 6 x (

126562.5

x [% X (22.5)* + (7.5)* + 194 x 7.5 x 22.5 x (7.5 + 22.5)]

=25 X 10° 4+ 556 x 10° = 71 x 10°KN-m-s ................ (18)

CONCLUSION

This paper presents a comprehensive study on torsional radiation damping
of embedded rigid foundations with a rigorous boundary element formu-
lation, on the basis of which it develops closed-form simple algebraic for-
mulas for estimating, inexpensively and reliably, the torsional radiation
damping of rigid foundations embedded in a relatively deep homogeneous
soil deposit. The developed model is versatile enough to handle foundations
having any arbitrary (but solid) basemat shape and various degrees of contact
between the vertical sidewalls and the surrounding soil: complete and perfect
contact, partial symmetric and nonsymmetric contact, and no contact at all.
For torsion of annular (ring-type) foundation basemat shapes, the reader
is referred to Tassoulas (1981) and Veletsos and Tang (1988).
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